Ramsey interferometry with ultracold atoms 
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We examine the passage of ultracold two-level atoms through two separated laser fields for the 
nonresonant case. We show that implications of the atomic quantized motion change dramatically 
the behavior of the interference fringes compared to the semiclassical description of this optical 
Ramsey interferometer. Using two-channel recurrence relations we are able to express the double- 
laser scattering amplitudes by means of the single-laser ones and to give explicit analytical results. 
When considering slower and slower atoms, the transmission probability of the system changes 
considerably from an interference behavior to a regime where scattering resonances prevail. This 
may be understood in terms of different families of trajectories that dominate the overall transmission 
probability in the weak field or in the strong field limit. 

PACS numbers: 42.50.Ct, 03.65.Nk, 03.75.-b, 39.20.+q 



Introduction. Atom interferometry based on Ram- 
sey's method with separated fields [l| is an important 
tool of modern precision measurements. A basic feature 
of the observed Ramsey interference fringes is that its 
width is simply the inverse of the time taken by the atoms 
to cross the intermediate region. For precision measure- 
ment purposes, such as atomic clocks, this implicates the 
desire for very slow (ultracold) atoms. Experimentally, 
atomic velocities of the order of 1 cm/ s are within discus- 
sion for space-based atomic clocks |2|. But, if the kinetic 
energy becomes comparable with the atom-field interac- 
tion energy, one has to take into account the quantized 
center-of-mass motion of the atom and the well-known 
semiclassical results have to be corrected. This has first 
been considered for ultracold atoms passing through one 
Q or two 0] micromaser cavities in resonance with the 
atomic transition. The nonresonant case has been in- 
vestigated so far only for one field zone with interesting 
consequences for the induced emission process inside the 
cavity ||. 

In this letter we study the interference fringes with 
respect to detuning for ultracold atoms passing through 
two separated laser fields. Note that for quantized motion 
the trivial relation to the interferometers operation in the 
time domain (pulsed fields) does not hold anymore. For 
convenience we restrict our analysis to classical fields, 
but we emphasize the fact that our results can be easily 
carried over to the case of two quantized fields (mazer 
physics) by using the appropriate single-cavity scattering 
coefficients given in Ref. 

Model. We consider the basic Ramsey setup where 
a two-level atom in the ground state moves along the 
x axis on the way to two separated oscillating fields lo- 
calized between and I and between I + L and 21 + L 
(Fig. Iy. Our one-dimensionless treatment neglects ef- 
fects connected with transverse momentum components 
and is a good approximation for atoms travelling in 
narrow waveguides. One asks for the transmission prob- 
ability of excited atoms, P12, in dependence of the laser 
detuning. In the interaction picture and using the dipolc 
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FIG. 1: Scheme of the optical Ramsey atom interferom- 
eter. The regions with constant potential are labeled by 
m = 0, . . . , 4, respectively. 



and rotating-wave approximation, the situation may be 
described by the Hamiltonian 

H=£- hA\2){2\ + |fi(2)(|l><2| + |2)<1|), (1) 

where the first term counts for the kinetic energy of the 
atom, A = lul — denotes the detuning between laser 
frequency and atomic transition frequency and il(x) is 
the position-dependent Rabi frequency. For the explicit 
x dependence we assume mesa functions throughout this 
paper, f2(x) = VI for x £ [0, 1] and x E [I + L, 21 + L] and 
zero elsewhere. 

In order to derive P12 one has to solve the stationary 
Schrodinger equation (SSE), H$ k = E k $ k , with E k = 
h 2 k 2 /2m and <S> k = ^ X) |l) + ^ 2) |2). This is easy in 
the semiclassical regime where E k ^> hVl 1 h A and the 
center-of-mass motion can be treated independently of 
the internal dynamics. In this regime and defining the 

V^ 2 + A 2 one obtains Q 



effective Rabi frequency f2' 
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However, if the kinetic energy of the atom is comparable 
with the interaction energy, the semiclassical approach is 
not valid anymore and a full quantum mechanical solu- 
tion is required. 
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Quantum mechanical treatment. For the given initial 
value problem of a left incoming plane wave in the ground 
state the asymptotic solution of the SSE to the right of 
the laser fields is given by 



1 



^ ie lkx \l)+T^ qx \2)), x>2l + L, (3) 



where T±± and T\ 2 are the transmission amplitudes for 
the ground and excited state, respectively. 

From Eq. one sees that after passing the two laser 
fields, the atom will either be still in the ground state, 
propagating with momentum k or in the excited state, 
propagating with momentum q = yfk 2 + 2mA /h. In the 
latter case, the atomic transition |1) — > \2) induced by 
the laser field is responsible for a change of kinetic en- 
ergy For A > the kinetic energy of the excited 
state component has been enhanced by HA whereas for 
A < the kinetic energy has been reduced by HA and the 
laser will slow down the atom. For A smaller then the 
critical value A cr = —hk 2 /2m, the excited state compo- 
nent becomes evanescent and its transmission probability 
vanishes. Thus, the quantum mechanical probability to 
observe the transmitted atom in the excited state is 



Pi- 



for A > A c 



(4) 



and zero elsewhere. 

Two-channel recurrence relations. In the following, 
we generalize the well-known recurrence relations for one- 
channel scattering Q to the two-channel case. This al- 
lows us to express the double-barrier scattering ampli- 
tudes and in particular 7j 2 in terms of the single-barrier 
ones. First we will give the eigenstates of H within a 
constant potential region and match them at the bound- 
aries. Note that for the nonresonant case it is not pos- 
sible to find a dressed state basis that diagonalizes H 
on the whole axis 0. Outside the laser fields (regions 
m = 0, 2, 4, see Fig. ^| the general solution of the SSE is 



1 



((A+e^+P+e-^ll) 

+(A-e^ + p-e-^)|2>). (5) 



Within a laser barrier the (unnormalized) dressed state 
basis that diagonalizes the Hamiltonian is given by 
|A±) = |1> + 2A ± ft~ 1 |2) where A± = (-A ± fl')/2 are 
the dressed eigenvalues. Thus, the solutions in the inter- 
action regions (m = 1,3) are of the form 

^\x) = -L(A+|A+)e^ + 5,+ |A + )c-* fe +* 



+ A m \\_y*-* + B m \\_)c-^-* ) (6) 

with wavenumbers k\ = k 2 — 2mX±/h. For the matching 
conditions it is convenient to use a two-channel trans- 
fer matrix formalism ||. For this we define the col- 
umn vectors v m = (A+, B+, A- , B') T , m = 0, . . . , 4, 



and the matching matrices Mo(x) and iWb(cc), such 
that the usual matching conditions between the free re- 
gion and the barrier region at position x\ are given 
by M (xi)v m — Mb(ii)i) m+ i and between barrier re- 
gion and free region at position x 2 by M-^{x2)v m = 
M (x2)v m+ i. The matrices M (x) and are given 
explicitly in Ref. ||. Then the matching conditions be- 
tween the regions m = and m = 2 and between regions 
m = and m — 4 read 



a ■ 1>2 = OLOL ■ t?4, 



(7) 



where a = No 1 (0)N(0)N- 1 (l)N o (l) and a = N^Q + 
L)N(l + L)N- 1 (2l + L)N {21 + L). With Eq. Q, the 
scattering amplitudes of the single-barrier problem are 
given in terms of the ay for any initial value problem. 
We denote in the following by rlAty) the single-laser re- 
flection (transmission) amplitude for incidence from the 
left in the ith channel and a outgoing plane wave in the 
jth channel, and by r£_- and ty the corresponding am- 
plitudes for right incidence. The corresponding quan- 
tities for the second laser barrier will differ only by a 
phase factor and they are denoted by a tilde, fy,ty. 
One can show that the relation between the 16 scat- 
tering amplitudes Ty )ty and the ay is invertible, thus 



= f(ri[,t l -j) and &y = g(rif,t 1 ^) with known func- 



tions / and g. Since according to Eq. Q the scattering 
amplitudes of the double-barrier problem are given in 
terms of ay and ay, this shows the desired connection 
between single barrier and double barrier case. In par- 
ticular, we obtain for our purpose 



^12^22+^11^12 ( r 12^11 r 11^12)(^21^12 ^11*22) 
+ ( r 22^11 — r 2ltt2)(f 22^12 — ^12^22) 



1 r 12^21 r 22 r %2 r ll^ll 



~( r 12 r 21 '"SK 7 "^ -0(^1 1^22 ^21^12) 



' 21' 12 



(8) 



We will show in the following that a clear physical in- 
terpretation of this result can be given within a multiple 
scattering picture. 

Direct scattering regime (E^ ^> Ml )■ If the kinetic en- 
ergy is larger than the Rabi energy the scattering process 
will be dominated by transmission through both laser 
barriers. Thus, one has t- r 3> r l - r and expanding the 
denominator of Eq. © yields 

^12 = [*11*12 +^12^22] + [*12(^21 r ll +^22 r 2l)^12 
+ ^ll(^ll r 12 +^12 r 22)^22 + ^\2^2\ T \2 +^22 r 22)^22 

+4(^ + ^)4] +••• . (9) 

The two terms in the first bracket of this expansion de- 
scribe the direct scattering process (Fig. |2J) whereas the 
second bracket contains all possible paths to first order 
of multiple scatterings including two reflections. 
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FIG. 2: Leading order contribution to the multiple scattering 
paths for the direct scattering regime (Ek 3> hQ). 



Keeping only the two direct scattering paths and using 
t l 22 = t l 22 an d ii2 = t l i2 exp(i(fc — q)(l + L)) leads to 



(10) 



This expression describes interferences between atoms 
which pass the first laser in the ground state and are 
excited in the second laser and atoms which are excited 
in the first laser and pass the second one in the excited 
state (Fig. |2J. However, we emphasize the fact that 
Eq. I |l OB goes beyond the validity of the semiclassical ex- 
pression J2J since Ef. has not to be large with respect 
to h/S. and the overall transmission probability might be 
smaller than one. 

The explicit expressions for the single-barrier ampli- 
tudes are t l n = —azz/d a , t\ 2 = a 3 i/d a and t l 22 — 
—a.\xjd a where d a = ai3Q!3i — aii«33 and 



an 

«31 



«13 

d±(ki, fe 2 ) 
<j±(ki, k 2 ) 



c ikl [\+d-(k,k) - \_d+(k,k)]/n', 



fie 



ikl 



d+{k,q) 
k 

+ - 

q 

a 31 (k <-> q), 

cos(k±l) — cr±(ki, ^2) sin(fe±Z), 
i(k 1 /k± + k±/k 2 )/2. 



d-{k,q) 
■(d+(q,k) - d-(q,k) 



(11) 



The given replacement rules apply only to the exponents 
and arguments and not to the indirect dependencies 
within the k±. Expanding P12 with respect to fc — > 00 
gives back the semiclassical result ©, as expected. 

Figure [3| illustrates the the behavior of P12 as a func- 
tion of A. For comparison we plotted the exact result 
obtained by means of Eqs. (JSJ) and the semiclassical ex- 
pression Pff ■ For Ek/Ml w 3.2 the agreement between 
Pi 2 and the exact result is very good and becomes even 
better for larger velocities. Thus, the scattering process 
is dominated by the two paths shown in Fig. [21 Nev- 
ertheless, one sees that the interference pattern can not 
be understood within the semiclassical approximation for 
HA > Ek- For A > 0, the zeros of the interference pat- 
tern become dispersed with respect to Pff whereas for 
A cr < A < the fringes become closer and narrower 
up to extremely narrow peaks close to A cr (see inset of 
Fig. Physically, this is related to the discussion below 
Eq. ©. For negative detuning and close to the criti- 
cal value the absorbing process will slow down the atom 
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FIG. 3: The detection probability Pi 2 with respect to A in 
the direct scattering regime (Ek S> hQ,). Comparison of ex- 
act result obtained with Eq. © (solid line), direct scatter- 
ing approximation 1101 (circles) and semiclassical result P12 



(dashed line) for k = 1, = vr/20, I = 1, 
shows a closeup of the peak close to A cr 
dimensionless units with h — m — 1. 



L = 25. The inset 
. For plots we use 



and the effective crossing time scale i c ff = mL/hq will 
be much larger than the semiclassical crossing time scale 
t sc i = mL/hk. On the other hand, for positive detun- 
ing the atom is speed up and t c g < t sc i, leading to a 
broader interference pattern. This suggests to use the 
negative detuning regime close to A cr for metrology pur- 
poses. Note that for current experiments the region close 
to A = where the semiclassical condition is well satis- 
fied contains much more fringes than shown in Fig. 

Ultracold regime (Ek <C Kl ). Let us now consider the 
opposite regime, where the kinetic energy of the atom is 
much smaller than the Rabi energy. In this case one 



has r l { 2 , r 2 'i , t^'J r l {[ , r 22 . We checked explicitly that 
the leading order of the small scattering amplitudes is 
(Pfc/Ml) 1 / 2 , respectively, whereas the leading order of 
r{i and r 2 '2 is 1. Thus, an expansion of T[ 2 in a series 
with respect to powers of the small amplitudes yields 



Lr Lr 



rpi 



A 21 
l \2 l 22 



A XI 



Al^22 ( r 12^il 



r 12 ) 



22' 22 



11' 11 



+ 



^12^12 ( r llT21 + r 22 ,: 22) 



(l-r r n r l n )(l-r r 22 f l 22 ) 
(12) 



+ 



where the first two terms contain second powers of the 
small scattering amplitudes, the next given terms con- 
tain third powers and so on. Again, these terms can be 
given a clear physical interpretation in terms of multiple 
scatterings. The first two terms correspond to two fam- 
ilies of paths, the first of which describes atoms being 
excited in the first laser and cross the second laser in the 
excited state after multiple internal reflections, whereas 
the second family corresponds to atoms crossing the first 
barrier in the ground state, undergo multiple internal re- 
flections in the ground state and are finally excited in 



4 









12} 










/ 






|1} _ 






/ 


|1> 



















FIG. 4: Leading order contributions to the multiple scattering 
paths for E k <C HQ. 



the second laser (Pig. HJ. Similarly, the following terms 
account for all possible paths with exactly one internal 
excitation by means of reflection. Keeping only the lead- 



ing order of Eq. (|12|l and using 



= r l 22 exp(— 2igZ) and 
r'u = r\i exp(— 2ikl), we obtain for the probability to 
observe an outgoing atom in the excited state 



12 "-22 



f l f l p i(k-q)(l+L) 



1 - {r l 22 ) 2 e 2i i L 1 - (r l n ) 2 e 2ikL 



(13) 



Again, we give explicit analytical results by writing the 
scattering coefficients in terms of the ay. We find r xl = 
(a23«3i - a 21 a 33 )/d a and r l 22 = («4iai3 - on 3 an)/d a 
where additionally to Eqs. one has 



an 

«23 
0121 
C*43 



a 3 t(q -> -q), 
ai3(k -> -k), 

a 2 i{k -> q). 



k)-\+a-(k,-k)]/Sl', 



(14) 



For the resonant case, A = 0, one has t lt = t l 22 = (r + + 
r_)/2, t[ 2 = (r + - r_)/2, r l n = r l 22 = (p + + p_)/2 and 
P\ 2 can be written in terms of the one-channel double 
barrier and double well amplitudes t± and p± 0]. 

Eq. (fbl)) may be understood as a coherent sum of two 
Fabry-Perot-like terms. Both of them exhibit resonances 
with respect to k, but only the first one shows resonances 
with respect to A. The reason is that only the excited 
state sums up a A-dependent phase while crossing the 
intermediate region. A typical picture is given in Fig. 
where P\ 2 is plotted for Ek/Kl ss 10~ 4 . With this ratio, 
it can be seen that Eq. is in excellent agreement with 
the exact result. 

The position of the resonance peaks can be estimated 
by considering the leading order of the reflection ampli- 
tudes in the denominators of Eq. (fLl)) . r l n « r l 22 rj —1. 
Then the peaks with respect to A are given by the ze- 
ros of 1 — exp(2iqL) which leads to A„ ss [(nn/L) 2 — 
k 2 }/2, n = 1, 2, 3, ... , provided that k ^ rm/L. The 
resonances of Fig. El are in the vicinity of these values. 
Note that the result in the ultracold case is no more an 
interference between two paths but the resonance behav- 
ior of the family of paths shown in the left part of Fig.0J 

Conclusion. We studied analytically the behavior of 
Ramsey fringes beyond the semiclassical approximation. 
By means of two-channel recurrence relations we were 
able to identify the dominant contributions to the scat- 
tering process in the direct scattering regime and in the 
ultracold regime. We have shown that for Ek S> hil the 
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FIG. 5: The detection probability P12 with respect to A in the 
ultracold regime (Ek <C hSY). Comparison of the exact result 
obtained with Eq. © (solid line) and the approximation IllOt 
(crosses) for k = 0.1, Q = 15tt, I = 1.2, L = 25. 



interference fringes for negative detuning are narrower 
than semiclassical theory predicts. For ultracold atoms, 
Ek <C hQ, interference is completely suppressed and the 
transmission probability is dominated by scattering reso- 
nances. Clearly the current work can be adopted to quan- 
tized fields to describe the passage of ultracold atoms 
through two microwave high-Q cavities. This would be 
highly interesting in view of the recent results obtained 
in Ref. @. 
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